okion :
H = \e trojeck “‘“ﬂ‘
A

Tl econbnuouws ole(forma.\n'ou of a Loolb over biwme
is callesl a mokion. Tiw wokieu of a lmlj wille wef.
con(:(suroul-iau B is deseriloed B:) o continuown map
@:Bx[0,00) > E> where [for each [ixed E 20 #u
funchiou @(,E) =@, B—E is defocmalion of B, ihat

maps B outs a c.on(:[(jura.‘wbm B, = @ (B), called
Hu cacrent or a\ecor\mco‘ cah(:\'sura.\\'ou ot bime L.
We ansume that £, is Ho iolcn\-\'l;t) map, sothat BB
We amume each @y s admissible s Huab Hu inverse

mop Y, = SF: : B, B exishs
X=¥.(x) = % (x.b)

We omdwnme Y auadl T are smosha.



Hoterial omdl s?o.."fo.‘ f_fela[a

Some fields ace naturally olefined over e cucrent
con i juu'a\'l'ovu By, for exawpls temperature Tlmd).
OHar ficlolo are ma,l-uxallb alzeimo( over Hu m(.’ercnce
c,om@.'au cation B, for exawple gmain size d(X).

Howsewver, ? ool @P oallow wo to mfaro;ml- am:j
‘twnc,"iovu o¥ XEB or og, = eB, . Te l(ar{-.-.wk
o{f where a {f&lol wen oﬁalnadb degn'hul ond how it

is c.urrc.n{'lb loe.ins exlorc.sscpl we utroduce gp“Owihj
okegini‘{ovw.

Hatecial .fida' is a.gielol ext:re_sseal i ternw o_?
Fofn{'s X €B/ e.q., Q=0(X%,t)
Spokel ‘e\‘dol s a gs'olal exFresSe.cl in tecms o¥

Fofvnl:s =€B,, e.g., M= T(x=b)



To omD watevial gido{ O (X.b) we anvociate o sfnl'iou[ peld
£, (=,t) = 2(Pl=,b), t),

awd call Qg Hu spahal oleperiphion og Q.

To o»m'3 s?al-fa.l .cftl“' T‘(?_C‘l:) we amoc.?a"ea matenal gic,\ol
T (X,E) = T'(Qx,8) 1),
awo cadl [, Hu waberal olescriphan og "

Cosrdimate decivatives

We weed to a\is"‘fnjwfs‘f\ betuseen olenva,hvc» with
ru:f:w{' to malerial awdl s‘ao.('fa.l coordlinaten.
Ha\:efio.l worolinq."c»: Vx = Grad ; Div | CWL,Z.AF

.SPQ.\-\'a.l coovolinates: 7, = 5\'0.0\, v, curl, lala

Velocfl-\uj\ avel accelecration 'Eu'elobb

The veloeit aud acceleration o{f a wmatecial po.r Fele

lobelesl X iwB at Hime t olue to metion LK, E)



are aive,u by

Y(x'.l:) = i S?(.)_(.‘[;)a l and A(X t) = $(_Y> h‘ -:tl-

Th sra,l's'al descriphions of Hune koo fidds arc
w(x,b) = V(e t)=2 S ey xt), &)
alx k)= A(x.b) = ;,;-; P(Yez=,0),t)

T spatial fieloly - omol a corresponol fo Ha  material

Farkol.t. whese currenb coordinales are = ab Hwme b,
Note: Relew we show Hn,a,t Q;e__ v

26| ¢

Example: Steasly convection
|

J
Te .
y Y L
) 1 T( e
™ T conbouss
k
4 y o <T, ¢T,_<T3<T‘,
> > 4 &

Ty
At s‘:eadb s|'cx.l'€ T(x k)= T(%) (SPQ.\'l’o.l gu'c.\al)



>

Ty -

'l; - /\ T(%‘k)

) N T30

;: 1:" z:r 3"ll" §'lr‘ o ;T

5 /\ °F
-8\, o Tm(‘l’(glt))

CLC-G-\'[U, Tly) =T, owdl %1;'5:6

Consider o particle P with wikal lecabiou X
aund currewt (:osi\-l'ou x = Q@(Xt), which pomen
Hu'c)uﬁh. y owce eve,rb over turn |

Ite tewsperatuve is T(PL) = T (Xb)is o watedal
fietd ond oscillates periaalically. ks alerivehive

et “material derivahve' is T, (Xt)# 0



Cowsfd&f 'nn.e, Pau“l'ioLbb laa..Mf WU l'\a.,rou.,a\« 5 u:“&
nihal  loca o Z: yf(«a,h) . What is c[«.o.h%,l

n EcmFeA‘a"m’( Hoone FGJ'“C.LU) exPe.q'e,uu on

Hoy pam Hevougle 5? T(W(y,e) = [T,

Descr \Ftuo\f\ of_ K_\e\o\

3- m&l:cr\m‘ sfq\'\m\
3 31 .
.4 o L ' .
- E Q(x%,t) °:;T_ X M, £) =?f tv-Vr
g f = QY= H).5)
L T A

Timwe
sPaEial / Local
o |
':J
®
&



Different Eime derivakives

I) Hoterial twe oleciva hive o; waterial gfdeé\ Q
Derivative of Q wilk re.o‘aecl- o b, holaling X fixed.

. 0O
0 (X.tb) ‘D = (X,t) -39'? "

Also called total , substanhal or convechive derivahve

..(.7_ re,fr»e»\.l:s N rate a‘f cho.uag. og_ £ seewn LJ an
o Fo.rl{c,b..

obse,rvu' fo[lawiue:\ -HM PG-HA [ine o¥

I qu.l-fo.l Eime derivative of a. spa. kel f{dd T(=t)
'Der\'va.l-ive_ °3E n with re.s‘acc{— o b , holo(n'ns = ¥'-M.
)
( e)\ = 2 (x.b)

erredd o on Hu local Hwe deriva bve

Alse ref
g‘E rct-;re.bcu.l:s Hoe rate eg a.ln.e.waz_ h m an seewn b:j

auw obeerver at = .




Iy Hakecial +Hime derivahive 01@ a srah’a.l gfe,lo{
Derivative of scalar spakial fielol ™ wibh respect
fotime b, holding X Lixed. Tha waterial coor -
dinater X are _(Zixea’ while Heo spabial cooroliviakes

c\aa.n%z, with Eiwie °°=$(§|t-) .

,3'(,_5’5) = %{'(?.c.f) = r' (cfcx £), )\X Plxt)
M ()

= twe tiwe dePeuden&fe)), ove e.xp\.‘cﬂ- Hee obear
iw\‘alic.fl- Huouﬂb\ ‘e nmckiown.

B:.) the dhav rule we have gor -'xeo{ X

2 (qu ) = S ")Lufcx . = )\xaw‘) STPx )

rcc03 hl‘Ll\ﬂS srm \'m.l valecd’b v'(_.l:)l (&f) Db?’(x t)

we have Hu Yotal derivative

3 (fxb)e) = [3" (k) + 35 .(eb) Uice e)]x_ o

Huis is V‘elore).)cmted v weterial coords.



ExFremiuﬁ blee vepult tw terus of sFa.Ha.( cootds
Mg = L &xb)+ 3—";‘.'(’_4.&)07:(29.*7)

Let CFQS‘I:) be a wmabion with slaa\—fa.‘ veloc;b gge,lol v

owd consioler sral:ia.l sealar ¢=$ex,b) owd vector fwld»

W= w(x,b). Tlu ttal Hwme dervativesare ‘jiur,u Lﬂ

e

. _2¢ = e D
4’3&*‘74’3}'“‘”" w =3

+(Ve)xr

a

The result for o folows \:b °ﬂ":j;“3 Nee scales vesult fo o; .

This result is iw\Por\'au.l: becaune it allecos
cow\‘:u.l:q\-ioh o_c <i> avnel O witle aut meledcae
of, @, I( Hoo ve.l,oc.;":) is knewn ¥V

= jw ﬂw’d wecdhauics bou rnaver see gg



The .',Pal:ia,\ accelecabion fielol s oleefnuv{ as

a=5 =X + (Viur)v

Sfm\—{al accelerakion ¢ a newn-linear gumc."fou os’_
slaa,ka,l velocs'\'s = basic mu-limauib w ylu.s‘o( medrawics
Nete: a # .?Er 1 (oulb bewe {Lr mak. gw\db A=:§=\é)

_r(n.oo“:)) WD Hxl:s, (") Fo:\—iculqr i ﬂu.to( weo\m.u.ic.s,
wae Hu nolahow ue Ve  iuskead of (Vo) r .



Exawple! Expovewhal expaunsioun
S

i B S?(.)_(. ;‘-"')-"' ékkl

@_’x. Ylze) -t =

Hoterial Ficldla: — VOXE) =2 P(x.b) = -2 X
AL =2 V(X =X

SPaHo.l (Zu'clolb‘.
e ) = V, (= ) V(Yleib) )
= -'Ae.-)\&(ekta_c_. =->\E

o, b) = A(Yle,b) k) = X (&'x) = X 2

Tewperature Qielel: T (x,t) = « EIXI

Hoterial tiwme olerivahve -

T.==T, = alxl

wA

(celcwle bed alire,&"[j ?row\ med-. f_ie,\o!.)



SPcA.l'fObl Tew ru_rw“uwc gldd
Tz b) = T (P b),b) = ab el -atlnne

Suﬂaose we owla kwew -SPQ\"@[ ﬁfejo{s
T(x.t) awed 2r(x.b). Whatis Ha weaterial
oerivahve _i_'( E) 2

Use T - g‘; VT -
g 2 llclle® + Xl 2l &2

T = “te'%e Ve (?S.-'Z‘.'-)% = «te

tw c°"“f°"*"‘"‘l'°: (x; ‘)J —(X ),‘)" ZX X,) -ZK; S;J'-‘ZXj

= Vi (@xX)=22=

M
VT = ute =< Il

?wl'l-m.j o all J-oaoHA.cr

AE
T ocllxlle +ocM:I|>clle, "t albte E (-2 )

(=l
‘DT'
>¢ YT -

= ollell Ma [~ () e~ Nk _’—_':'l_in et
x




.'—..(2‘_-,&) = At “’—'—‘“
. *llell e _5“:0»\'10\.[ o{,e,scr{f.;h‘w o& Mq,{- olar
. ] . . aler,
“x)=allXll = T (pltet))= Ak _ 4
w @ e t)) = o llcll & =T(x,bt)

T
X=9Y(x8) = ™ %=



