
Local Eulerian Balance Laws
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Arbitrary subset Omega

I conservation of mass
Marsof OmegatMleftOmegatrightint_OmegatrholeftunderlinextrightdVx
no reactions or relativisticeffects mass is constant

fracddtMleftOmegatright0RightarrowMleftOmegatrightMleftOmega0right

Initial density MleftOmega0rightint_Omega0rhooleftlangleXrightrangledVx
Currentdensity MleftOmegatrightint_OmegatrholeftxtrightdVx



using dVxJleftXtrightdVx where detleftFright

MleftOmegatrightint_OmegatrholeftunderlinextrightdVxint_Omega0rholeftfleftunderlineXtrighttrightleftXtrightdVXpmleftunderlinextright

int_OmegapmleftunderlineXtrightleftunderlineXtrightdVxRightarrowMleftOmegatrightMleftOmega0rightRightarrowint_OmegacrhomleftXtrightleftXtrightdVxint_Omega0rhooleftunderlinexrightdVx
int_Omega0leftrhomleftXtrightrightleftXtrightrhooleftunderlineXrightdVx0

by arbitrariness of R we have

rhomleftunderlineXtrightJleftXtrightrho0leftunderlineXright

Lagrangian statementof mass conservation x

Convert to Eulerian fracpartialpartialt

4fracpartialpartialtrhomleftunderlinextrightleftunderlinextrightrhomleftunderlinextrightfracpartialpartialtJleftunderlinextrightfracpartialpartialtrhoalefthatxright0
pleftunderlinextright

dividingby J and switchingtospatialdescription

Pleftunderlinextrightrholeft1leqtrightnablaxcdotvleftlangleunderlinextrightranglesigma

Jleftnablaxcdotunderlinevrightm

Rightarrowrhorhonablaxcdotunderlinev0 local Eulerian form



expanding the material derivative we have

fracpartialpartialtrhonablaxrhocdotunderlinevrhonablaxcdotunderlinev0
nablaxcircleftrhounderlinevright

fracpartialrhopartialtnablaxcircleftrhounderlinevright0 conservativelocal Eulerian form

Time derivative of integrals relative to mass

fracddtint_OmegatphileftunderlinextrightrholeftunderlinextrightdVxint_Omegat0phileftunderlinextrightrholeftunderlinextrightdVx
where phileftfracxtright is any spatial scalar vector or tensor field

int_OmegatphileftunderlinextrightrholeftunderlinextrightdVxint_Omegaphimleftunderlinextrightrhomleftunderlinextright
d

x

etunderlineEleftXtrightdVx

int_OmegatphileftunderlinextrightrholeftxtrightdVxint_OmegaphimleftXtrightrhooleftXrightdVX
Take derivative

fracddtint_OmegatphileftunderlinextrightrholeftunderlinextrightdVxint_Omegafracddtphimleftunderlinextrightrho0leftxrightdVx
int_OmegaphimleftunderlinextrightrhooleftunderlinexrightdVx
int_OmegaphimleftunderlineXtrightrhomleftunderlineXtright detunderlineEleftunderlinextrightdVx

int_OmegatphileftxtrightrholeftfracxtrightdVx



Laws of inertia Galileo Newton

linear momentum underlineLleftOmegatrightint_OmegatrholeftunderlinextrightvleftxtrightdVx
angularmomentum underlinejleftOmegatrightzint_OmegatleftfracxzrighttimesrholeftxtrightvleftunderlinextrightdVx

With respect to a fixed frame of reference the

rate of change of linear and angularmomentum of

any OmegatsubseteqBt equal the resultant force torque
about the origin

fracddtunderlineLleftOmegarightint_OmegatpleftunderlinextrightbleftunderlinextrightdVxint_partialOmegatunderlinetleftunderlinextrightdAx
fracddtunderlinejleftOmegaright0int_OmegatfracxtimesrholeftxtrightbleftfracxtrightdVxint_partialOmegatfracxtimestleftxtrightdAx

In lecture 12 we assumed fracdLdtunderline0fracdfdt0
egburequations static

Today transient case



II Balance of linear momentum
For an arbitrary OmegatsubseteqBt we have

leftbqrightfracddtint_OmegatrhounderlinevdVxint_partialOmegatdAxint_OmegatrhounderlinebdVx
where pvfract and fracb are spatial fields

need to
update

Cauchy stress field underlinetsigman

fracddtint_OmegatrhounderlinevdVxint_partialOmegatsigmaunderlinendAxint_OmegatrhounderlinebdVx
using tensor divergence theorem

fracddtint_OmegatrhounderlinevdVxint_OmegatnablacircunderlinesigmarhounderlinebdVx
using derivative relative to mass

int_OmegatpunderlineupsilonnablacdotunderlinesigmapunderlinebdVx0
by the arbitraryness of Omegat we have

pfracv0nablacdotsigmapb local Eulerian form
Also referred to as Cauchy's firstequationofmotion

For v0 nablacircsigmapb0 underlinebq

nablacdotsigmarhog Lecture 12



To rewrite this in conservative form consider
the following

rhounderlinevrhofracpartialunderlinevpartialtrholeftnablavrightunderlinevfracpartialpartialtleftrhounderlinevrightfracpartialrhopartialtunderlinevleftnablavrightleftrhovright
using mass balance fracpartialrhopartialtnablacircleftrhovright

rhounderlinevfracpartialpartialtleftrhounderlinevrightnablacdotleftrhovrightvleftnablavrightleftrhounderlinevright
using nablacdotleftaotimesbrightleftnablaarightbanablacdotb see HW5 04

rhooverlinevfracpartialpartialtleftrhounderlinevrightnablasigmaleftrhovotimesvright
Hence we have conservative local Eulerian form

fracpartialpartialtleftrhovrightnablacdotleftrhovotimesvsigmarightrhounderlineb
conservedquantity p o linear momentum

advective mom flux P votimesv

diffusive mom flux sigma



III Balance of angular momentum
For an arbitrary OmegatsubseteqBt we have

fracddtint_OmegatfracxtimesrhovdVxint_partialOmegatfracxOmegatimesunderlinetdAxint_OmegatfracxtimesrhounderlinebdV
The left hand side becomes

fracddtint_OmegaptleftfracxtimesunderlinevrightdVxint_OmegatpfracddtleftunderlinextimesvrightdVx
int_OmegaPtleftxtimesvxtimesupsilonrightdVx
int_OmegatpleftxtimesvrightdVx

xv

vtimesv0

substituting cauchystress field the r his becomes

int_OmegaptleftunderlinextimesupsilonrightdVxint_partialOmegaxtimessigmandAxint_OmegatpleftunderlinextimesbrightdVx
int_OmegatfracxtimesleftpvpbrightdVxint_partialOmegaxtimessigmandAx

substitute linear mom balance p0vpbnablaxcdotsigma

int_OmegatfracxtimesnablacdotsigmadVxint_partialOmegaxtimessigmandAx
This is exactly the statement we had forthe static case

in Lecture 12 on Mechanical Equilibrium
sigmasigmaT extends to transient cases


