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How do we extend these concepts

to nablaunderlinev and nablacdotS



Differentiationof Tensor fields
A field is a function of space
scalar fields phileftunderlinexright
vector fields fracVleftXright

tensor fields Sleftxright

Today's lecture is review and extension

of concepts from multivariable calculus

temp density

force velocity
stress conductivity

Gradients

Gradient of scalar field
scalar field phileftunderlinexright is differentiable at X

if there exists a vector field nablaphiinnu such that

phileftunderlinexfrachrightphileftfracxrightnablaphileftunderlinexrightcdotfrachOleftlefthrightright
byTaylor expansion Or equivalently

nablaphileftunderlinexrightcdothatunderlineufracddvarepsilonphileftunderlinexvarepsilonhaturightvarepsilon0 for all underlinevinV
where hvarepsilonhatu and lefthaturight1



The vector nablaphi is called thegradientof phi
phi a

nablaphi Consider a level set of phi
underlineu
frachatn nablaphihatn in directionofincreasingphi

hatunderlinenfracnablaphileftnablaphiright

Directional derivative Gateaux operator

Dhatuphileftunderlinexrightfracddinphileftunderlinexvarepsilonhatunderlineurightin0nablaphileftunderlinexrightcdothatu

Representationof the gradient in frame leftsubseteqiright

phileftoverlineunderlineXinunderlineurightphileftoverlineX1inU1overlineX2inU2overlineX3inU3right
x1 x3X2

nablaphicdothatunderlineufracddinphileftoverlineX1varepsilonU1overlineX2varepsilonU2overlineX3varepsilonU3rightvarepsilon0fracdphidx1fracdx1dvarepsilonfracdphidx2fracdx2dinfracdphidx3fracdx3dvarepsilonE0fracdphidx1u1fracdphidx2u2fracdphidx3u3

fracpartialphipartialxiuiphiiuiphiiujdeltaijphiiujeicdotej
nablaphicdothatunderlineuleftphijieirightcdotleftujunderlineejright



Note Index notation for derivatives
derivative indexafter commafracpartialphipartialXiphii

Gradient in components leftnablaphirightphiieileftbeginmatrixfracpartialphipartialx1fracpartialphipartialx2fracpartialphipartialx3endmatrixrightHeat conduction

potential Tix Temperature

heat flux qknablaT Fourier's law

thermal conductivity leftfracWmKright
Molecular diffusion
potential cleftunderlinexright concentration

diffusiveflux jDnablac Fick's law

molecular diffusivity leftfracm2sright
Groundwater flow

potential hleftunderlinexright

volumetric flux qknablah
hydraulic head

Darcy's law

hydraulic conductivity leftfracmsright
Gravitational field gnablaPhi



f g
Gradient of a vector field
A vector field underlinevleftxrightinnu is differentiable at x if
there exists a tensor field nablavleftunderlinexrightinV2 such that

underlinevleftfracxhrightvleftxrightnablavleftxrighthOleftlefthrightright

by Taylorexpansion or equivalently

for all underlineuinnunablavhatufracddvarepsilonunderlinevleftunderlinexvarepsilonhatunderlineurightvarepsilon0
where hvarepsilonhatu

In frame leftfraceiright we write componentsof simeq
as vivileftx1x2x3right For any scalar in

and unit vector hatunderlineuukek at overlineunderlineXoverlineXjunderlineej
we have the i th component

vileftunderlinexinwidetildeurightvileftoverlineX1inU1overlineX2inU2overlineXinU3right

by the chain rule

fracddvarepsilonvileftunderlineXvarepsilonhatunderlineurightfracpartialvipartialx1u1fracpartialvipartialx2u2fracpartialvipartialx3u3fracpartialvipartialxjuj



For full vector vviei

nablavhatunderlineufracddvarepsilonunderlinevleftXvarepsilonhaturightE0fracddvarepsilonleftvileftSigmavarepsilonhaturighteirightE0
fracddvarepsilonleftvileftunderlineXvarepsilonhaturightrightvarepsilon0eifracpartialvipartialxjujei

components leftnablaunderlinevrightijfracpartialvipartialxjvij

Representation nablaunderlinevvijunderlineeiotimesej
Explicit

nablaunderlinevleftbeginmatrixv11v12v13v21v22v23v31v32v33endmatrixrightleftbeginmatrixnablav1Tnablav2Tnablav3Tendmatrixrightleftbeginmatrixfracpartialsimeqpartialx1fracpartialunderlinevpartialx2fracpartialunderlinevpartialx3endmatrixright

Examples

1 Strain tensor varepsilonsymleftnablaurightfrac12leftnablaunablaunderlineuTright
2 Rateof strain tensor underlinevarepsilonfrac12leftnablaunderlinevnablafracvTright

u displacement underlinev velocity



Divergenceof a vector field
Defi To any underlinevleftxrightinnu we associate a scalar

field nablacdotunderlinev called the divergenceof v
nablacdotunderlinevtrleftnablaunderlinevright

In frame leftsubseteqiright with underlinevleftXrightvileftXrightei we have

nablacdotunderlinevtrleftnablaunderlinevrightviifracpartialv1partialx1fracpartialv2partialx2fracpartialv3partialx3
If nablacircv0 a field is solenoidal or divergence

free If
underlinev is a displacement or velocity then

nablacdotfracv is related to rateof volume change

Examples
Gauss law of gravity nablacircg4piGrho
continuity condition nablacdotunderlinev0

incompressible flows



Divergence of a tensor field
To any underlineSleftunderlinexrightinnu2 we associate a vector

field nablacdotSequivinnu called the divergenceof S

for all underlineainV
us definition of vector divergence

leftnablacdotSrightcdotunderlineanablacdotleftSTaright

In frame leftsubseteqiright with SSijeiotimessubseteqj and aakunderlineek

we have qSTa or qjSijaileftqiSjiajright
substituting

leftnablacdotsrightanablacdotleftSTarightnablacdotqtrleftnablaqrightqjj
SijjaileftSijjunderlineeirightcdotleftakunderlineekright

by the arbitrary ners of a we have

nablacdotSSijjsubseteqi



Gradient Divergenceproduct rules

nablacdotleftphifracvrightunderlinevcdotnablaphiphinablacdotvnablacdotleftphiSrightSnablaphiphinablacdotSnablacdotleftSTvrightleftnablacdotSrightcdotvSnablavnablaleftphifracvrightunderlinevotimesnablaphiphinablav phiinmathbbRunderlinevinnuunderlinesinnu2

Example nablacdotleftSTvright note SSleftxright and vvleftXright

qleftxrightSTleftxrightvleftxright
qjSijvinablacdotqtrleftqrightqjjleftSijvirightj

SijjviSijvij
leftnablacdotSrightcdotvSnablav

usefulfor energy balance

Example nablaleftphifracvrightleftphivirightjeiotimesej
leftphiijviphivijrighteiotimesej
viphi2jeiotimesejphivijeiotimesej

votimesnablaphiphinablaunderlinev



Laplacian
I Laplacian of scalar field

Deltaphinabla2phinablacdotnablaphi

In frame leftunderlineeiright with nablaphiphi2iei we have

nablacdotnablaphitrleftnablanablaphirighttrleftphi2ijsubseteqiotimessubseteqjrightphi2ii
nabla2phiphiii

Scalar Laplacian governs steady heat flow

Example Poisson's equationforgravity
1 Grav fieldequ gnablaPhi
2 Gauss law nabla g4piGrho

nablacdotnablaPhi4piGrho
nabla2Phi4piGrho



I Laplacian of vector field

Deltavnabla2vnablacdotnablav

in index notation

underlinevvieinablaunderlinevvijeiotimesej and nablacdotSSijjei
Deltaunderlinevvijjsubseteqi

Example Stokes flow creeping flow

munabla2underlinevnablap
nablacdotunderlineu0

mu viscosity

p pressure


