
Green Lagrange Strain Tensor

right Cauchy Green leqqEequivTE
quantifies streches shear

lambdalefthatXrightleftdxrightleftdxrightsqrthatXcdotChatX
No deformation xfleftXrightXRightarrowFCIRightarrowlambda1

Constitutive law sigmasigmaleftCright
no deformation no stress

Strain tensor zero in absence of deformation
ID engineering strain alambda1

3D Green Lagrange strain tensor

Efrac12leftleqqfracTequivright

no deformation ECERightarrowE0

relation to infinitesimal strain tensor



Small displacements
natural to use displacement

BLB0 uxX xfleftxright
frac7subseteq

fracxfracu
nablaunablaleftfleftxrightxrightnablafT

nablauFIequivH

Small deformation leftnablaurightsqrtnablaunablaudeltall1

Linearize Cauchy Green

EInablau

leqqFTEleftfracIequivnablaurightTleftunderlineInablaurightleftfracIXinablafracuTrightleftunderlineInablaurightfracIXinablaunablauTnablauTnablauOleftdelta2rightRightarrowleqqsimeqIequivnablaunablauT



Linearize Euler Lagrange
Efrac12leftCunderlineIrightfrac12leftfracTnablaunderlineunablaunderlineuTIrightOleftdelta2right

Eapproxfrac12leftnablaunablauTright

Infinitesimal strain tensor

fracvarepsilonfrac12leftnablaunderlineunablaunderlineuTright varepsilonsymleftnablauright

Infinitesimal Stretch Rotation

Linearize right strech
usqrtcleftfracIXinablaunablauTnablauTnablaurightfrac12

OleftS2right

this likely came

from Holtcapfell

Note for AAT

leftIArightmfracIequivmunderlineAOleftleftAright2right
minmathbbR

shown with Taylor expansion in principal frame
here AnablaunablauTOlefts2right and mfrac12

UIfrac12leftnablaunablauTrightOleftdelta2rightapproxTvarepsilon



similarly VsqrtEET2fracIfrac12leftnablaunablauTrightIvarepsilon

Note leqqapproxfracTequiv2varepsilonUapproxfracTequivfracvarepsilonunderlineVapproxIvarepsilon
essentially same Linearization Why

Linearize rotation

RFU1leftInablaurightleftIvarepsilonright1
leftInablaurightleftIvarepsilonrightOleftdelta2right
underlineIfrac12leftnablaunablafracuTrightnablaunderlineuOlefts2right
I_Xifrac12leftnablaunablauTrightOleftdelta2right

RXiapproxI_equivfrac12leftnablaunablauTright
Iw

varepsilon_Oleftdeltaright

Infinitesimal Rotation Tensor wfrac12leftnablaunderlineunablaunderlineuTright
wskewleftnablaunderlineuright axial tensor

axis of rotation ajfrac12varepsilonmjnwmn
Infinitesimal rotation skew matrix



Linearization of FRU

underlineRfracTequivfracw and UsimeqIvarepsilon

F_XiRUleftfracIvarepsilon_equivrightleftfracIequivomega_equivrightfracIXivarepsilon_XiunderlineomegaOleftleftH2rightright

ERUapproxEfracvarepsilonfracomega
multipicative additive

FfracIequivnablauIsymleftnablaunderlineurightskewleftnablaunderlineuright

nature of the rotation stretch decomposition
changes from multiplicative to additive

addition commutes but multiplicationdoesnot
Finite theory right and left version
Infinitesimal theory no difference



Interpretationof componentsof sum_equiv

start from c

varepsilonEfrac12leftleqqIright0S2
RightarrowleqqsimeqfracTequiv2varepsilon
I Diagonal components

cii12varepsilonii

leftnablauright5

sqrtciilambdaleftunderlineeiright
lambdaleftunderlineeirightsqrt12varepsilonii

Expand in Taylor series sqrt1x11fracx2fracx28ldots
s t lambdalefteiright1varepsiloniiwhere x2varepsilonii

Rightarrowvarepsiloniiapproxlambdaleftunderlineeiright1 engineering strain

in coordinatedirections

lambdafracleftyunderlinexrightleftunderlineyfracxrightfraclL stretch

lambda1fracleftyunderlinexrightleftunderlineyunderlinexrightleftunderlineyunderlinexrightfraclLLfracDeltalL
varepsilonii relative change in Length



I Off Diagonal Components

cijlambdaleftunderlineeirightlambdaleftsubseteqjrightsinleftgammaijright
ineqj

gammaijgammaleftfraceifracejright

cijapprox2varepsilonijvarepsilonijsimeqfrac12lambdaleftunderlineeirightlambdaleftunderlineejrightsinleftgammaijright

varepsilonijfrac12left1varepsiloniirightleft1varepsilonjjrightsinleftgammaijrightfrac12left1varepsiloniivarepsilonjjvarepsiloniivarepsilonjjrightsinleftgammaijrightfrac12leftsinleftgammaijrightvarepsiloniisiuleftgammaijrightvarepsilonjjsiuleftgammaijrightvarepsiloniivarepsilonjjsiuleftgammaijrightright

Oleftvarepsilon2rightRightarrowvarepsilonijfrac12singammaleftunderlineeiunderlineejright
Oleftlanglevarepsilon3rightrangleOleftlanglevarepsilon2right

Infinitesimal strain gammall1Rightarrowsingammaapproxgamma
varepsilonijapproxfrac12gammaleftunderlineeiunderlineejright

half shear angle between coord directions



Example Simple shear

fraceLambda3 Bfracxvarphileftfracxrightleftbeginmatrixvarphi1varphi2varphi3endmatrixrightleftbeginmatrixX1X2alphaX3X3endmatrixrightalpha0B

largedef
last Lecture

leq2 leqqleftbeginmatrix10001alpha0alpha1alpha2endmatrixrightangle

leq1
Infinitesimal

uxXleftbeginmatrixsigmaalphaX30endmatrixright
nablaunderlineuleftbeginmatrix00000alpha000endmatrixrightvarepsilonfrac12leftnablaunderlineunablaunderlineuTrightleftbeginmatrix00000alpha20alpha20endmatrixright

Infinitesimal streakes varepsiloniilambdaleftlceileirightrceil10

lambdalefteiright1 no stretch in any coord direction

Finite streakes Ciilambda2leftunderlineeiright
lambdaleftsubseteq3right

wedge C33lambda2leftfrace3right1alpha2lambdaleftfrace3rightsqrt1alpha2
finite strain1

alpha infinitesimal strain



Infinitesimal shear varepsilonijfrac12gammaleftunderlineeiunderlineejright
gammaleftunderlinee2underlinee3right2varepsilon23alpha

Finite shear gammaleftunderlinee2underlinee3rightasinleftfracalphasqrt1alpha2right
gammaleftunderlinee2underlinee3rightfracpi2 finite strain

infinitesimalalpha

infinitesimal strain is the linearization

of finite strain at zero displacement

Note lambdaleftunderlineajright is under predicted

gammaleftsubseteq4subseteq3right is over predicted

E is not a lowerbound on E



Volumetric strain

Volume change J det leftFrightfracdVicdVx
Polar decomp FRU

J det leftRUrightdetleftRrightdetleftUright
J det leftUrightlambda1lambda2lambda3
Xp's eigenvaluesof u princ streches

1

e is linearization of Efrac12leftleqqI_Xiright
engineering strain elambda1fraclLLfracDeltalL

engineering volumetric strain

fracdVxdVxdVxfracDeltaVV031lambda1lambda2lambda31
How does this relate to e



To first order varepsilonapproxUT

eigenvectors up are same to firstorder
to first ordereigenvalues varepsilonilambdai1

Sigma Rightarrowlambdai1varepsiloniu

Volume change in varepsiloni S

fracDeltaVdVxJleftUright1lambda1lambda2lambda31
J1left1varepsilon1rightleft1varepsilon2rightleft1varepsilon3right1

1leftvarepsilon1varepsilon2varepsilon3rightleftvarepsilon1varepsilon2varepsilon1varepsilon3varepsilon2varepsilon3rightvarepsilon1varepsilon2varepsilon31
cubicquadratic

to first orderJ1approxvarepsilon1varepsilon2varepsilon3

Relate this to

varepsilonvarepsilonijeiotimesejvarepsilonijfrac12sinleftgammaleftunderlineeiunderlineejrightrightvarepsiloniilambdaleftunderlineeiright1

Choose eiui principal frame
varepsiloniilambdaleftunderlineuiright1equivlambdai1varepsiloni no sum

varepsilonij0 no shear between ui s PSF



leftfracvarepsilonrightleftbeginmatrixvarepsilon1000varepsilon2000varepsilon3endmatrixright diagonal

trleftvarepsilonrightvarepsilon1varepsilon2varepsilon3

fracDeltaVdVxJ1trleftvarepsilonright
evaluate trace

varepsilonfrac12leftnablaunderlineunablauTright
trleftvarepsilonrightfrac12lefttrleftunderlinenablaurighttrleftnablauTrightright
trleftnablaunderlineurightnablacircu

trleftnablauTrighttrleftnablauright

fracdVxdVxdVxfracDeltaVVoJ1trleftvarepsilonrightnablaou
Link between volume change and

divergence ofdisplacement
Finite strain Jd et leftFright

Infinitesimal strain nablacdotu



Trace of
varepsilon

gives relative change in volume

split
varepsilon into volumetric deviatoric parts

A sph leftfracAright dev leftAright

sphleftArightfrac13trleftArightT
devleftArightAsphleftAright

sphleftunderlinevarepsilonrightfrac13trleftfracvarepsilonrightunderlineIfrac13leftnablacdotfracurightI

devleftvarepsilonrightvarepsilonvarepsilon Sp hleftfracxiright

varepsilonfrac12leftnablaunderlineunablaunderlineuTrightfrac13leftnablacdoturightI

spherical strain volume change
deviatoric strain shape change


