
Extremal Shear Stresses

Last time extremal normal str

normal stress sigmanncdotsigman quadratic ni2
shear stress leftpmright2sigman2tau2 quartic ni4

algebragets messy

Mohr circle

graphical intuitive

In principal frame we have 3 equations
normal stress

Pythagoras
unit vector

1 sigmanncdotsigman
2 lefttright2tau2sigman2
3 ncdotn1

In terms of components
1 sigma1n12sigma2n22sigma3n32sigman
2 sigma12n12sigma22n22sigma32n32tau2sigman2

q3 n12n22n321
linear system for xn12yn22zn32



Linear system

leftbeginmatrixsigma1sigma2sigma3sigma12sigma22sigma32111endmatrixrightleftbeginmatrixxyzendmatrixrightleftbeginmatrixsigmanq1endmatrixright
xb

Solve using Cramers rule

det Aneq0

underlineA

Axb

xkYetbeginmatrixAkAendmatrix

A is ntimesn

k1ldotsn

Ak is A with k th column

replaced by b
this will give clean answer

cyclic perm

de I leftArightdetleftATrightleftbeginmatrixsigma1sigma121sigma2sigma221sigma3sigma321endmatrixrightleftbeginmatrix1sigma1sigma121sigma2sigma221sigma3sigma32endmatrixright
Vandermonde matrix AVleftsigma1sigma2sigma3right

det Vleftsigma2tau1rightleftsigma3sigma1rightleftsigma3sigma2right
sigma1geqsigma2geqsigma3

det Aleftsigma1sigma2rightleftsigma1sigma3rightleftsigma2sigma3right



as long as sigma1sigma2 tau3 are distinct det Aneq0

Apply Cramer's rule

A1leftbeginmatrixsigmansigma2sigma3qsigma22sigma32111endmatrixright
detleftA2rightleftsigma2tau3rightlefttau2leftsigmantau2rightleftsigmansigma3rightright

n12tau2leftsigmansigma2rightleftsigmansigma3rightlefttau1sigma2rightlefttau1tau3right

x1n12 beginmatrixA1Aendmatrix

A2leftbeginmatrixsigma1tau4sigma3sigma12qsigma32111endmatrixrightdetleftA2rightleftsigma1tau3rightlefttau2leftsigmansigma1rightleftsigmansigma3rightrightRightarrown22tau2leftsigmansigma1rightleftsigmansigma3rightleftsigma2sigma3rightleftsigma1sigma2right

x2n22d d
e

e

t
t
beginmatrixAzAendmatrix



x3n32 YetA_A3 underlineA3leftbeginmatrixsigma1sigma2sigma1sigma12sigma22q111endmatrixright
det A3leftsigma1sigma2rightlefttau2leftsigmansigma1rightleftsigmansigma2rightright

n32fractau2leftlanglesigmansigma1rightrangleleftsigmansigma2rightleftsigma1sigma3rightleftsigma2sigma3right
summary

n12tau2leftsigmansigma2rightleftsigmansigma3rightlefttau1sigma2rightlefttau1tau3right

n22tau2leftsigmansigma1rightleftsigmansigma3rightleftsigma2sigma3rightleftsigma1sigma2right

n32fractau2leftlanglesigmansigma1rightrangleleftsigmansigma2rightleftsigma1sigma3rightleftsigma2sigma3right
sanity check sigmantau1tau0

n12frac02leftsigma1sigma3rightleftsigma1sigma2rightleftsigma1sigma1rightleftsigma1sigmacright1
n22leftsigma1sigma1right0leftsigma1sigma5rightleftleftsigma2sigma3rightleftsigma1sigma2rightrightcnleftbeginmatrix100endmatrixright

n32leftsigma1hatsigma1rightldots0



Non Negativity constraints ni2geq0
denominators are positive
3 inequalities
1 tau2leftsigmansigma2rightleftsigmansigma3rightgeq0
2 tau2leftsigmansigma1rightleftsigmansigma3rightleq0 minus sign
3 tau2leftsigmansigma1rightleftsigmausigma2rightgeq0
Note ni s have been eliminated

Dependenceof sigmantau on principal stresses

Completing squares
leftsigmanprightleftsigmanqrightleftsigmanfracpq2right2leftfracpq2right2

Mohr's circles
Circle frac1leftn12geq0right

tau2leftsigmansigma2rightleftsigmansigma3right0

tau2leftsigmanfracsigma2sigma32right2leftfracsigma2sigma32right2geq0

tau2leftsigmanfracsigma2sigma32right2geqleftfracsigma2sigma32right2



Egnof circle leftxx0right2leftyy0right2R2
leftx0y0right center R radius

fracL
Lambda

admissible tausigman

are outside c1
c1fracsigma2sigma32

1sigmana21fracsigma2sigma32sigma3

Circle 2 n22geq0
tau2leftsigmansigma1rightleftsigmansigma3rightleq0

tau2leftsigma7fracsigma1sigma32right2leftfracsigma1sigma32right2leq0

tau2leftsigmanfracsigma1sigma32right2leqleftbeginmatrixsigma1sigma32endmatrixright2
wedge

admissible tausigman
are inside circlefracsigma1sigma32C20fracsigma1sigma32



Circle 3leftn32geq0right
tau2leftsigmansigma1rightleftsigmausigma2rightgeq0

tau2leftsigmansigma1sigma22right2leftbeginmatrixsigma1sigma22endmatrixright2geq0

tau2leftsigmansigma1sigma22right2geqleftfracsigma1sigma22right2
wedge admissible tausigmau

are outside circlefracsigma1sigma227C3
an

sigma10sigma22

Combine 3 different conditions
3D Mohr circle



3D Mohr circle

tau

all admissible tausigman
are in gray area

hat
max c2

c3

c1
8 sigmansigma1sigma2sigma3

Sanity check sigmansigmairightarrowtau0

no shear stress on principalplanes

max shear stress determined by c2

tau2leftsigmanfracsigma1sigma32right2leqleftbeginmatrixsigma1sigma32endmatrixright2
radius

frac2 max pmfracsigma1sigma32

corresponding sigmansigma1sigma32neq0



What is the orientation
c2rightarrown22geq0 on c2n20

underlinee1

Rightarrown12n321n1costhetan3sintheta
wedge

theta1
underlinee

substitute into sigman

sigmansigma1n12sigma3n32sigma1cos2thetasigma3sin2theta
double angle identies cos2thetafrac1cos2theta

sin2theta1cos2theta
sigmanfracsigma1sigma32sigma1sigma32cos2theta

radiuscenter

substitute into fracL

tau2sigma12n12sigma2n22sigman2
meny algebra utilizing cos2thetasin2theta1

frac2sigma1sigma32sin2theta



wedgetau
maxsummary

sigmanC2R2sin2theta
tauR2sin2theta

2theta sigma1sigma3
an2theta

v0
RightarrowfracL max atpm45circtoeImax V

vdelta1

Do materials fail
on plane with
maximum it

A
sigma3

Empirical criteria for shear failure

Coulomb failure envelope lefttaurightSmusigman

S cohesive strength 10 100MPa

mu tan phi internal friction 0.6

phiapprox30circ angleof internal friction



Mohr Coulomb Failure

tauwedge

tau

tauStimesmuisigmarphi 2thetacs

sigmans

tauc

failure occurs at tauctau max

Angle of failure
2thetac90circphi
thetac45circfracphi2

veephileftarrow

d neg

phiapprox30circthetac45circ15circ60circ
30circ30circ

plane is 30circ from e



Here we just use Mohr circle to derive

maximum shear stress and Mohr Coulomb
to find failure plane

There is much more to say
GEO 428 Structural Geology
GEO 322M Basin Geomechanics
PGE 354 Reservoir Geomechanics


