
Normal and Shear Stresses
wedgeunderlinetn

7tn11
consider an arbitrary surface in Bfrac1tnr
with normal n

P11notimesn
7fracn

PbotInotimesn

normal traction underlinetleftlangleunderlinetcdotnrightranglenPtleftnotimesunderlinenrightt
shear traction underlinetbotunderlinettPbottleftEnotimesnrighttttimesntimesn

The magnitudesof these tractions are

normal stress sigmanleftfract11right
shear stress frac2lefttfrac1right

sigman0 compressive stresse

deltan0 tensile stress



Example North Hikurangi subduction zone

Ema Parker IODP Expedition 372 8375

N
Bore hole 4151813 Papaku Fault

E

Fault normal hatunderlinenleftbeginmatrix01040180978endmatrixrightDND

hatn

stress on fault underlinesigmaleftbeginmatrix26050051700011endmatrixrightMPa
traction on fault

underlinetsigmahleftbeginmatrix2605c051700011endmatrixrightleftbeginmatrix01040180978endmatrixrightleftbeginmatrix2613011076endmatrixrightMPatleftncdottrightnleftbeginmatrix1182041109endmatrixrightMPasigmanlefttright1134MPa

fractfrac1underlinetunderlinetleftbeginmatrix144097033endmatrixright Mpa fracLleftEfrac1right176MPa



Principal Stresses
Find planes with max min normal stress

sigmanlefttrightncdotunderlinetncdotsigman
underlinen normal

sigmanleftnrightncdotsigman

find max leftsigmanright min leftsigmanright

constraint leftnrightncdotn1

constrained optimization

n2
a 3unit

circle
2

1 n2 min

n1
rfloor

n1 max

sigmanleftnrightncdotsigman is quadratic

Note Contours are

ellipses if eigen
values of tau are
positive l

Lagrangemultiplier method

Lleftunderlinenlambdarightncdotsigmanlambdaleftncdotn1right

Lleftnilambdarightnisigmaijnjlambdaleftnini1right
constraintfunction

Lagrangemultiplier

stationary points of Lleftunderlinenlambdaright

fracpartialfpartiallambda0fracpartialfpartialnk0



fracpartialLpartiallambdanini10

fracpartialLpartialnksigmaijleftniknjninjkrightlambdaleft2ninikright0
where nikdeltaik

njkdeltajksigmaijleftdeltaiknjdeltajknirightlambdaleft2nideltaikright
sigmaiksigmakileftsigmaTsigmaright

sigmakjnjsigmaikni2lambdanksigmakjnjsigmakini2lambdanksigmakjnjsigmakjnj2lambdank2leftsigmakjnjlambdankright0leftsigmakjlambdadeltakjrightnjleftsigmakjlambdadeltakjrightnjunderlineekleftsigmalambdaIrightn

rename ij

nkdeltakjnj
remove free index

Condition for stationary point

leftsigmalambdaIrightn0 and leftnright1

eigenvalue problem



What does it mean

ncdotleftsigmalambdaunderlineIrightunderlinen0
ncdotsigmanlambdancdotn0Rightarrowsigmanlambda

1sigman

eigenvalues normal stresses

note lambdaini the eigenvalues vectors

change notation lambdaisigma niunderlinevi

RightarrowleftsigmasigmaiunderlineIrightunderlinevi0

sigma1sigma2sigma3 principal normal stresses
max

underlinevi principal directions of sigma

min

deltaTsigma ki form principal frame
orthonormal

always choose righthanded



Cauchy stress in principal frame

sigmasum_i13sigmaiunderlineviotimesunderlinevileftbeginmatrixdelta1000delta2000sigma3endmatrixright
Compare to leftsubseteqiright

sigmasigmaijunderlineeiotimesunderlineej

Traction on principal directions nvi

1fractinegunderlineniunderlinetsigmavisum_k13sigmakleftunderlinevkotimesunderlinevkrightunderlinevisum_k13sigmakleftunderlinevkcdotunderlinevirightunderlinevk
principal
planedeltakdeltakiunderlinevk

tauivi no summation

no summationtleftfractcdotunderlinevirightunderlinevi
deltaileftunderlinevicircvirightvideltaiunderlineviunderlinet

Rightarrowanai

tbottt0RightarrowT0
no shear stress on principal planes



Visualizing Stress
1 Lame stress Ellipsoid

Principal frame leftsigmarightleftbeginmatrix81sigma2sigma3endmatrixright leftsubseteqiright

sigmasum_i13sigmaileftunderlineeiotimesunderlineeiright
keep sum because i repeated3 times

traction tsigmahatn

underlinetsum_i13sigmailefteiotimesunderlineeirightleftnjsubseteqrightsum_isigmainjlefteiotimeseirightjleftunderlineeicdotsubseteqjrightsubseteqideltaij

tiunderlineeisum_i13leftsigmainirightunderlineeiaiei
ai

by comparison tisigmaini no sum

i is a free index



3 equation t1sigma1n1t2sigma2n2t3sigma3n3

leftbeginmatrixt1t2t3endmatrixrightleftbeginmatrixsigma1sigma2sigma3endmatrixrightleftbeginmatrixn1n2n3endmatrixrightleftbeginmatrixsigma1endmatrixrightn1leftsigma2rightn2leftsigma3rightnRightarrown1fract1sigma1n2fract2sigma2n3fract3sigma3

Since hatn is unit vector n12n22n321
substituting

leftfract1sigma1right2leftfract2sigma2right2leftfract3sigma3right21leftfracxaright2leftfracybright2leftfraczcright21

Ellipse
abc are semi axes

stress ellipsoid in traction space
with principal stresses as semi axes

beginmatrixt3aendmatrix

leftsigma3right
2D

fractleftbeginmatrixt1leftt2rightt3endmatrixright
i

cdotleftbeginmatrix1sigma1endmatrixright1 1

lefttau1right

leftsigma3right



Represents themagnitude of traction
vector relative to principal stresses
don't know the corresponding surface

Invariants of the stress
independentof frame leftsubseteqiright constitutivemodels

Example negfracVnegfracvwedge

r

7fracei
underlinee2 frace

e1leftunderlinevrightleftbeginmatrix21endmatrixright leftunderlinevrightleftbeginmatrixsqrt50endmatrixright
leftunderlinevrightsqrt5 invariant geometric prop

stress ellipse is similar geometric representation

geometry ellipsoid invariant



3 stress invariants

1 I1sigma1sigma2sigma3trleftsigmaright
2 I2sigma1sigma2sigma2sigma3tau1tau3frac12lefttrleftsigmaright2trleftsigma2rightright
3 I3sigma1sigma2sigma3detleftsigmaright

I3 ellipsoid volume

Vfrac43piabc
Vfrac43pisigma1sigma2sigma3frac43piI3RightarrowI3frac3V4pi

abc semi axies

I2 sum of principal X sectional areas

leftsigma3right

A12pileftsigma1sigma2rightA23pileftsigma2sigma3rightA13pilefttau1sigma3right
leftsigma2rightwedge

neg

sigma

A sum pileftsigma1sigma2sigma2sigma3sigma1sigma3right
piI2 if oi's share sign

triaxial compression tension

I2fracAI s

1L
am



I1 mean caliper diameter
mean stress sigmamfrac13sum_i13sigmai hydrostatic stress

wedgelefttau3right
sigmam

I13sigmam
leftsigma1right

am is radius of
sphere with mean radius of ellipse
am is average traction


