
Rate ofDeformation Tensors
essential in fluid mechanics

Velocity Gradients
1 Material velocitygradient

underlinev7
EnablaXfEfracpartialpartialtleftnablaxfrightnablaxleftfracpartialpartialtfrightnablaxV

nablaxVF

Note varphileftunderlinexDeltaxtrightapproxvarphileftunderlinextrightEleftxtrightDeltaxEnablaf
take material derivative

varphileftxDeltaxtrightapproxvarphileftxtrightFleftxtrightDeltax
FnablaunderlineVRightarrowvarphifracV

underlinevleftxDeltaxtrightapproxunderlineVleftunderlinextrightEleftunderlinextrightDeltax
RightarrowEnablaxV has role of 1Xi for rates



2 Spatialvelocitygradient
typically we have vvleftxtright

underlineLnablaxunderlinev Lijfracpartialvipartialxj

Note Vleftxtrightunderlinevleftfleftxtrighttright
same vector field just expressed
in terms of X or x

nablaXunderlineVneqnablaXunderlinevXvarphileftXtright
because derivatives are in differentdirections

What is relation between nablaX o and nablaXV

underlineVleftunderlinextrightvleftvarphileftunderlinextrighttright
FnablaxunderlineVnablaxunderlinevleftvarphileftunderlinextrighttrightnablaXunderlinevleftunderlinextrightfracpartialvipartialXjeiotimesej

fracpartialpartialxkfracpartialxkpartialXjviunderlineeiotimesunderlineejfracpartialvipartialxkfracpartialxkpartialXjeiotimesunderlineej



xkvarphikleftunderlineXtrightRightarrowfracpartialxkpartialXjfracpartialvarphikpartialXjFkj

EvikFkjeiotimessubseteqjnablaxvF

RightarrowLnablaxvFE1nablaxVF1FnablaxVLFnablaxvF
important in constitutive theory

Symmetric Skew decomposition of l

nablaxunderlinevequivnablaunderlinev

LDW
equiv

Dsymleftnablaunderlinevrightfrac12leftnablaunderlinevnablaunderlinevTright rateof strain tensor

Wstewleftnablaunderlinevrightfrac12leftnablavnablaunderlinevTright spin tensor

D rate of change in shape streak rate
W rate of change in orientation spin



Note Definition of the rate of strain tensor
Dfrac12leftnablaunderlinevnablaunderlinevright

is unique but the definition of
strain tensor is not

streching rate of line element
dxln ncdotn1nfracfracdxleftdxright

dxFdXdxFdXfracLEdXfracLdxdx
dxLdx

l2dxcdotdx

t.h.si lefte2right2ei
r.h.si leftdxcdotdxrightd0xcdotdxdxcdotd0x

2dxcdotdx



d0xLdxlidxcdotdx

dxcdotLdx

eil2ncdotln

Rightarrowfracilncdotln

dxln

LDW

spin

ncdotLnncdotleftDWrightnncdotDnncdotWn1ncdotDn
0

WWT

n wnniwijnjwijninjwjininj
wijninj0

fracilncdotDn
Howfast are two material pointsseparatingright now

Both l and i are at current time

so no reference state is needed

unique



Strain asks how much hees it deformed
relative to some previous state la

How do you measure this

strecho llc

o leftll1rightl0
a leftllarightl
o lnleftle0right

Speed is unambiguous but distance traveled

depends on the route and howyou measure it

Which strain tensor connects to D

Connection to streches

lambdaleftunderlineNtrightfracll0sqrtNcdotCN

engineering strain

natural Henckystrain

llambdalc

dxFdXlnElcNfracllcnF_equivN

lleftdxrightlaleftdxright

RightarrowENlambdan



lambda2NcdotN

differentiate N const

2lambdalambdaNcdotcN

lambdalambdaN FTDEN ENl cdotDENlambda2ncdotDn
C2E21

T

IF

fraclambdalambdancircDn

Check consistency with previous result

ncdotDnfracllfracleftlambdal0rightlfraclambdal0lfraclambdalambda
D connects naturally to Hencky strain

fraclambdalambdafracddtlnleftlambdaright



Relation between Strain Strain Rate

Green Lagrange strain tensor

Efrac12leftleqfracIrightfrac12leftFTFIright

Strain rate E
Efrac12leftFTFFTFright where F0lF

frac12leftbeginmatrixleftlErightTEETlFequivendmatrixrightXifrac12leftFTlTE_XifracFTl_equivFrightFTfrac12leftlTlrightFETdF

EFTdF

small deformation Eapproxvarepsilonfrac12leftnablaunablauTright
Lecture 10

EapproxfracInablauunderlinevarepsilonsimeqEapproxleftunderlineInablauTrightdleftlangleTnablaunderlineurightdnablauTdnablauTdnablaudelta2
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for small deformation
varepsilonDfrac12leftnablaunderlinevnablaunderlinevTright

What about larger strains

fraclambdalambdafracddtlnleftlambdarightstart fraclambdalambdancdotDn
obtain lambda

from lambdaleftPright by integration

RightarrowfracddtlnleftlambdarightncdotDnlnleftlambdarightint_0tncdotDndt lambdaleftt0right1

Logarithmic strain is sum of incremental strains
lambdaleftunderlineNtrightsqrtNcdotleqqunderlineN
lnlambdaleftNtrightfrac12lnleftfracNcdotleqqNright

we would like lnleftNcdotleqNrightNcdotlnleftCrightN
only true if N is principal
direction



Assume fixed principal directions Nini

typically the case in rockmechanics experiments

lambdaleftunderlineNitrightlambdailnlambdaifrac12lnleftNicdotleqqNirightfrac12NicdotlnleftCrightNiunderlineNicirclnleftUrightNi
kappau2

H

Heuchy strain HlnleftUrightsum_i13lnleftlambdairightNiotimesNi
3D version lnleftfracleright
If there is no rotation RIRightarrowFUv

HD

Note General rotating case is more complex


