
Orthogonal tensors

An orthogonal tensor QinV2 is a linear trans

formation satisfying
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Properties of orthogonal matrices
QTQ1
QTQQQTT

detleftQrightpm1

Show last 1detleftIrightdetleftQTQright

detleftQTrightdetleftQrightdetleftQright2
RightarrowdetleftQright1

If detleftQright1 rotation
det leftQright1

reflectionInmechanics we are mostly concerned with
rotations



Rotation Matrices
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What is fracvbot

looking onto rbot
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Rotated vector
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Axial Tensor
Need to write rtimesuRu

RuRijujei and rtimesuvarepsilonmnlrmuneL

Rijujeivarepsilonmnlrmunel
all indices are dummies rename

LrightarrowiRijujeivarepsilonmnivmunei
i free index

RijujvarepsilonmnirmunnrightarrowjRijujvarepsilonmjirmujRijvarepsilonmjirm

ijfreem dummy

mrightarrowk Rijvarepsilonkjirk

prop of in varepsilonkjivarepsilonjkivarepsilonikj

trleftRright0RRTRijvarepsilonikjrk
shew
sym

RRijeiotimesejleftbeginmatrix0r3r2r30r1r2r10endmatrixrightR12varepsilon132r3r3

R13varepsilon123r2r2R23varepsilon213r1



Back to rotation

vleftunderlinerotimesunderlinerrightcosthetaleftfracIunderlinerotimesunderlinersinthetaRuright
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Euler Rodrigues finite rotation tensor

QleftunderlinerthetarightunderlineGammaotimesunderlinercosthetaleftIunderlinerotimesunderlinerrightsinthetaR
Qijleftunderlinerthetarightrirjcosthetaleftdeltaijrirjrightsinthetavarepsilonikjrk

Example Rotation tensor around subseteq3

Qleftunderlinee3thetarightunderlinee3otimesunderlinee3costhetaleftunderlineIunderlinee3otimesunderlinee3rightsinthetaR3

leftbeginmatrix000000001endmatrixrightcosthetaleftbeginmatrix100010000endmatrixrightsinthetaleftbeginmatrix010100000endmatrixright

Qleftunderlinee3thetarightleftbeginmatrixcosthetasintheta0sinthetacostheta0001endmatrixright
Rotate fraceby90circleftfracpi2right counterclockwise



sinleftfracpi2right1cosleftfracpi2right0

Qlefte3fracpi2rightleftbeginmatrix010100001endmatrixright
Qlefte3fracpi2righte1leftbeginmatrix010100001endmatrixrightleftbeginmatrix100endmatrixrightleftbeginmatrix010endmatrixrighte2

Infinitesimal Rotations

thetalim_thetarightarrow0Qlefthatrthetarightlefthatrotimeshatrrightcostheta1leftunderlineIhatrsigmahatrrightsinthetaR
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Axial tensor R give infinitesimal rotation

VleftIthetaRrightu
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cross productgives infinitesimal rotation



Determine theta and r from Q

1 Find rotation angle

trleftQrightQiiriricosthetaleftsiiririrightsinthetavarepsilonikjrk
unit vector

rirircdotr1deltaiidelta11delta22delta333varepsiloniki0
RightarrowtrleftQright12costhetaRightarrowcosthetafractrleftQright12

Example Qlefte3fracpi2righttrleftQright1
costheta0Rightarrowthetafracpi2

2 Axis of rotation r

Rleftbeginmatrix0r3r2r30r1r2r10endmatrixright is axial

tensorweare given Q not R

Extract R from Q



QsymleftQrightskewleftQrightsymleftQrightfrac12leftQQTrightrotimesrcosthetaleftTrotimesrrightstewleftQrightfrac12leftQQTrightsinthetaRsinthetavarepsilonikjrkunderlineeiotimesunderlineej

frac12leftQQTrightfrac12leftQijQjirighteiotimesej

equate two expressions for components

frac12leftQijQjirightsiuthetavarepsilonikjrk
wantknowremove

varepsilonikj using es identities

varepsiloniljfrac12leftQijQjirightsinthetavarepsiloniljvarepsilonikjrk
varepsilonlijvarepsilonkij2deltalksinthetavarepsilonlijvarepsilonkijrksintheta2rL

RightarrowrLfracvarepsilonijjleftQijQjiright4sintheta Ifrac12sinthetaleftbeginmatrixQ32Q23Q13Q31Q21Q12endmatrixright



Example Qlefte3fracpi2rightleftbeginmatrix010100001endmatrixright
fracrfrac1112sinleftfracpi2rightleftbeginmatrix000011endmatrixrightleftbeginmatrix001endmatrixrightunderlinee3


