
Why do we need tensors

Scalars

describe a quantity at a point
e g
TemperatureVectors

describe quantity and a direction

e g velocity speed direction

Tensors

describes how a quantity changes withdirection
Think of an

ellipsoidExamples

anisotropic properties
stress strain
moment of inertia



Second order tensors

Linear operators vAu

maps vector uinV into vector vinV

A and B are equal AnuBnu for all underlinevin of

special tensors
Zero tensor 0v0 for all underlinevinV
Identity tensor Inunu for all underlinevinV

Basic algebraic operations
alpha scalar v vector A B 2ⁿᵈord

tensorsscalar
multiplication

tensor sum

tensorproduct1
leftalphaArightvAleftalphavright

4 leftABrightvAvBv
3 leftABrightv 1 31 V

4 tensor scalar product later
12 imply linearity
1,213 produce other tensors

set nu2of second order tensors vector space
Q What is a basis for v2



Representation of a tensor
In a frame lefteiright a second order tensor

s is represented by nine numbers

sijeicdotsej
Matrix representation of tensor in lefteiright

leftSrightleftbeginmatrixS11S12S13S21S22S23S31S32S33endmatrixrightinmathbbR3timesmathbbR3
Consider v5u where vvkekuujej

vkeksleftujejrightsejuj
multiply b yei from left

vkeicdotekeicdotSejuj
vkdeltaikeicdotSejuj
vilefteicdotsejrightuj
viSijuj



Example Multiply tensor by vector

underlineuleftbeginmatrix71316endmatrixrightSleftbeginmatrix103042326endmatrixright
Dot product with rows of s

index notation visijujsum_j13sijuj
i1v1S11u1S12u2S13u31cdot70cdot33cdot625

visicdotuSleftbeginmatrixfracS1SfracS3endmatrixright
Linear combination of columns of s

vsuleftbeginmatrix103042326endmatrixrightleftbeginmatrix736endmatrixright7leftbeginmatrix103endmatrixright3leftbeginmatrix042endmatrixright6leftbeginmatrix326endmatrixright

leftbeginmatrix7021endmatrixrightleftbeginmatrix0126endmatrixrightleftbeginmatrix181236endmatrixrightleftbeginmatrix252463endmatrixright

vvieileftsicdoturightei



l631Dyadic

Product

The dyadic product of two vectors q and b

is the 2ud order tensor aotimesb definedby
leftunderlineaotimesunderlinebrightvleftbcdotvrighta for all vinV

This has the form Svalphaa

in components Sijvjalphaai
alphabcircvbjvj
Sijleftaotimesbrightij
Rightarrowleftaotimesbrightijvjbjvjai

leftaotimesunderlinebrightijvjleftaibjrightvj

Rightarrowleftaotimesunderlinebrightijaibj
So that

leftunderlineaotimesunderlinebrightleftbeginmatrixa1b1a1b2a1b3a2b1a2b2a2b3a3b1a3b2a3b3endmatrixrightabT
Linearity of dyadic product



Linearity of dyadic product
scalars alphabeta vectors aunderlinebvw

leftunderlineaotimesunderlinebrightleftalphaunderlinevbetaunderlinewrightalphaleftaotimesbrightvbetaleftunderlineaotimesunderlinebrightw

Projection tensors

commonly used to partition forces on a surface
underlinev vvnunderlinevn

Use dot product
VnleftVcdothatnrighthatn
vnbotvvn1

hatn

Tensors V P v vfrac1Pfrac1v
use dyadic property

VnleftVcdothatnrighthatnlefthatnotimeshatnrightvPnv
VnbotvlefthatnotimeshatnrightvleftThatnotimeshatnrightvPbotv

Projection tensors

Pnhatnotimeshatn PnbotThatnotimeshatn



Basis for v2
Given frame leftunderlineeiright the dyadicproducts lefteiotimesejright
form a basis for vector space of tensors

Ssijeiotimesej where SijeicdotSej

Consider v5u with underlinevviei uukek

visubseteqisijlefteiotimesejrightleftuksubseteqkright
sijukleftunderlineeiotimesunderlineejrightunderlineek
Sijukleftunderlineejcdotekrightei
Sijukdeltajkunderlineei
sijujsubseteqi
vieiSijujei

use dyadic

propertyby

comparison viSijuj as

beforeNoteTransfer propertyof deltaij applies to tensors

sijdeltajkukunderlineei
sik

sikukunderlineei



Dyadicproperty tensor vector products
What about tensor products

STSijunderlineeiotimesunderlineejTKLlangleunderlineekotimessubseteqLSijTijleftunderlineeiotimesunderlineejrightleftunderlineekotimesunderlineeLright

Product ofdyadic products
leftaotimesbrightleftsubseteqotimesdrightleftbcdotcrightaotimesd HW2

HSTSijTkllefteiotimesejrightleftunderlineekotimessubseteqlrightSijTklleftunderlineejcdotekrighteiotimeseldeltajkSikTkleiotimeseLHijeiotimessubseteqjsikTkjunderlinepmiotimessubseteqj

rename Lleftrightarrowj

note the dummy kRightarrowHijSikTkj



Transpose of a Tensor
Every tensor S has a transpose sT so that

SucdotvucdotSTv for all uvinV

Implies SijTSji
leftsijujeirightcdotleftvLunderlineerightleftukunderlineekrightcdotleftsijTvjunderlineeiright
sijujvLlefteicdoteLrightsijTukvjleftunderlineekcdotunderlineeiright

deltakideltail
indices on uv

sijujvisijTuivjsjiuivjsijTuivj ileftrightarrowj on 1h s

RightarrowSijTSji index notation for

transposeProperties
1 leftATrightTA
2 leftABrightTBTAT
3 leftuotimesvrightTvotimesu

Note Cannot transpose vector only one index



Symmetric Skew Tensors

S is symmetric if SST

S is skew if SST

skew tensors related to rotation
sijsjisijsji

Symmetric SkewDecomposition

SEWEfrac12leftSSTrightWfrac12leftSSTright EETWWT
Trace of Tensor

trleftSrightSiiS11S22S33

Properties 1 trleftATrighttrleftAright
2 trleftABrighttleftBAright
3 trleftAArighttrleftArighttrleftBright
4 trleftalphaArightalphatrleftAright



Trace of dyadic product trleftaotimesbrightaibi
Prop4

trleftSrighttrleftSijeiotimesejrightSijtrlefteiotimesejrightSijdeltaij deltaijSii

Spherical Deviatoric Decomposition
SalphaTdevleftSright

Spherical tensor sph leftSrightalphaI where alphafrac13trleftSright
Deviatoric tensor dev leftSrightSalphaI

Important
spherical part volumetric stress strain

Deviatoric part shear stress

strainby
designNotetrd ev leftsright0



Determinant and Inverse

detleftAright det leftbeginmatrixA11A12A13A21A22A23A31A32A33endmatrixrightvarepsilonijkleftAright 01 A j2
A

pwhereA TA
j2 leftArightK3 are thecolumnsof A

Triplescalar product leftatimesbrightcdotsubseteqdetleftqunderlinebunderlinecrightvarepsilonijkaibjck
determinants

volumesProperties
1 detleftABrightdetleftArightd et leftBright

21 detleftATrightdetleftAright
3 detleftalphaArightalphandetleftAright A is non

A is singular if det A0

If dot Aneq0 then the inverse A1 exists

A1AAA1T


