
Vectors and index notation

Def Vector V is a quantitywith a magnitude
and a direction

leftunderlinevrightgeq0 magnitude scalar

hatVfracunderlinevleftunderlinevright direction unitvector
VleftVrighthatV

frachatV7negfracV
frac1leftunderlinevright

Physical examples velocity force heatflux
0 Is it possible to have a vector with out direction

Def Vector space v is a collectionof objects
that is closed under addition and scalar

multiplication
uinV

alphainmathbbRvtimesfracv
underlinevinV

1 uvinV
nearrow

fracv

alphaualpha1fracu
rfloor2 alphauinV
rflooru

Q Do vectors in mathbbR form a vector space



Basis for a vectorspace
Def Basis for V is a set of linearly

independent vectors lefte1e2underlinee3right
that span the space 3D

components of vector in basis
vv1e1v2e2v3e3 leftunderlinevrightleftbeginmatrixV1V2V3endmatrixright

Here leftunderlinevright is the representation of underlineV in lefte1e2underlinee3right

vector

representationbasis
is not unique

Example negfracVnegfracVwedge

r

7underlineee2 underlinee

e1leftunderlinevrightleftbeginmatrix21endmatrixright leftunderlinevrightleftbeginmatrixsqrt50endmatrixright
same vector underlinev two different representations



Reference frame

any orthonormal basis lefterightlefte1e2e3right
normal underlinee1underlinee2e31
ortho e1bote2e1bote3e2bote3
Q Any additional common restrictions on basis



Index notation

1 Dummy index

lefte1e2e3right

vv1e1v2e2v3e3sum_i13vieiequivviei
If index is repeated twice in a term

summation is implied
Einstein summation convention

dummy

indexNote
aaieiakunderlineekaqeq

rename dummy

indicesExample
Collecting terms

aaiei

underlinebbjunderlineejabaieibjunderlineejaieibieileftaibirightei
rename jrightarrowi



2 Free index

occurs only once in a term

j dummy index
i free index

set of equations ijinleft123right

Example aicjbjbi

a1leftsum_j1ajbjrightb1 d a2leftsum_j1ajbjrightb2 a3leftsum_j1ajbjrightb3
Basis lefte1underlinee2underlinee3rightlefteiright
Note all terms must have same free indices

there can be more than one free index

same symbol cannot be used for
both free and dummy index

Q Why are these expressions meaning less

aibj
2 aibjcidjdj
3 aibjcickdkdjdpclcldq
4 aibkckdkei



abinVScalar product
7fraca

acdotbleftarightleftbrightcostheta thetainleft0piright theta

sfracb

acdotb0underlineabotunderlinebacdotaleftaright2acdotbbcdota
commutativeProjection

hatn unit vector

7fracV

vvnvnbotVnleftVcdothatnrighthatnvnfrac1vvn11 vnwedgehatunderlinen
underlinevnfrac1

components in a basis lefteiright

v1vcdote1

v2vcdote2vleftbeginmatrixv1v2v3endmatrixright
v3vcdote



Kronecker Delta

To any frame lefteiright we associate

1 I ij
0 ineqjdeltaijeicdotej

orthonormal basis

sij expresses scalar product in index
notationsymmetry

transferpropertyPropertiesdeltaijdeltajieideltaijunderlineej
Example Projection on basis

uuiei

ucdotejleftuieirightcdotejuieicdotejuideltaijuj

Scalar product aaiei

bbjejacdotbleftaieirightcdotleftbjejrightaibjeicdotejaibjdeltaijaibiajbj

sij disappears due to transferproperty



Vector product
abinV

atimesbleftarightleftbrightsinthetahatn
thetainleft0piright

in unit vector frac1 to ab

righthand rule

frachatnab
7

theta

A
fraca

leftatimesbright area of parallelogram
Q significance of atimesb0

Note atimesbbtimesa not

commutativePermutation
symbol Levi Civita

vector product in index

notationif
ijkinleft123231312right even perm

if ijkinleft321213132right odd perm

repeated index
beginmatrix1varepsilonijk10endmatrix



Flipping any 2 indices changes sign
varepsilonijkvarepsilonkjivarepsilonjikvarepsilonikj

Invariant under cyclic permutation

varepsilonijkvarepsilonkijvarepsilonjki
Relation to frame lefteiright

eitimesejvarepsilonijkek

Vector product atimesbc

aaiei bbjunderlineejsubseteqckek

atimesbleftaieirighttimesleftbjunderlineejrightaibjlefteitimesejright
aibjvarepsilonijkunderlineekc
cksubseteqk

Rightarrowckeijkaibj



Triple scalar product
abcinV

leftatimesbrightcdotcleftarightleftbrightleftcrightsinthetacosphi

subseteq1
Volume of the
parallelepiped

phi
a

b7hatn
theta

a lambda

leftatimesbrightcdotc0 linearly dependent
leftatimesbrightcdotleq0 right handed

leftatimesbrightcdotc0 Left

handedCartesian
reference frame

right handed orthonormal basis lefteiright
leftunderlinee1timese2rightcdote31



Relation to Levi Civita

eijklefteitimesejrightcdotek

Proof varepsilonijklefteitimesejrightcdotek
varepsilonijleLcdotunderlineek
varepsilonijldeltaLkvarepsilonijk

Use aaieibbjunderlineejunderlinesubseteqckunderlineek
leftatimesbrightcdotcleftleftaieirighttimesleftbjunderlineejrightrightcdotleftckunderlineekright
aibjcklefteitimesunderlineejrightcdotunderlineek

varepsilonijk
varepsilonijkaibjck

leftatimesbrightcdotcvarepsilonijkaibjck
Invariant under cyclic permutation

leftatimesbrightcdotcleftctimesarightcdotbleftbtimescrightcdota



Relation ship to determinant

matrix leftbeginmatrixunderlineaunderlinebsubseteqendmatrixrightleftbeginmatrixa1b1c1a2b2a2a3b3c3endmatrixright
leftunderlineatimesunderlinebrightcdotunderlinecdetleftleftbeginmatrixfracafracbsubseteqendmatrixrightright

cycliccommutative

leftatimesbrightcdotcccdotleftatimesbrightacdotleftbtimescright

btimessubseteqleftbeginmatrixfrace1frace2frace3b1b2b3a1c2c3endmatrixrightfrace1leftb2c3b3c2rightsubseteq2leftb1c3b3a1right
taking dot product with a replaces first row

Rightarrowacdotleftbtimescrightleftbeginmatrixa1a2a3b1b2b3c1c2c3endmatrixrightdetleftbeginmatrixfracafracbleqendmatrixright
determinants volumes



Frame Identities

frame lefteiright orthonormal basis

eideltaijej and eitimesejeijkunderlineek

These are the two basic identities relating the
basis vectors of any cartesian reference
frame
used continously in indexmanipulation



Example of index manipulation
leftacdotbrightcb2

aaieibbjejleqckunderlineek

1 substitute

leftaiunderlineeicdotbjunderlineejrightckekbjunderlineej
2 pull coefficients out to front

aibjcklefteicdotejrightekbjunderlineej
3 simplify using definition of dot product

aibjcksijunderlineekbjsubseteqj
4 Use transferproperty

aibickunderlineekbjunderlineej
5 Rename indicies to collect terms

aibiakunderlineekbkunderlineek
leftaibickbkrightunderlineek


